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1. Introduction

RBFs interpolation was first introduced by Roland Hardy in 1968 [2]. Later Franke [12] obtained that the
RBFs interpolations were accurate, comparing the many methods he tested. Kansa [4, 5] first used RBFs for
estimation of partial differential equations (PDEs). However, in recent years the RBF method has been
considered as a novel numerical approach to solve the various ordinary, partial and integral differential equations
[1, 8, 9, 16]. This method is meshless and it can be extended to multi—-dimensional problems. The main idea of
the meshless methods is that they can gain an accurate and stable solution of integral equations or partial
differntial equations with differential boundary conditions with a set of scattered data without using any mesh
[3].

Parabolic initial boundary value problems in one dimension which involve non—local conditions have been
studied by several authors. Also, the two—dimensional diffusion equation with nonlocal boundary conditions
arises in many important applications in heat transfer [7], control theory [17], medical science [18] and so on.
The numerical study of the two—dimensional time—dependent diffusion equation with non—local conditions and
Dirichlet boundary conditions has been presented in [6]. Dehghan [10] has proposed a second—order finite
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difference scheme for the numerical solution of a boundary value problem with Neumann’s boundary conditions.
Also, Abbasbandy and Shirzadi [14] applied the MLPG method to solve this type of equation as well. A
meshless method for twoa€““dimensional diffusion equation with an integral condition has been investigated in
[15].
In this paper, we consider two—dimensional time—dependent diffusion equation [16]

ou _9%u  d%u

—_— = = 2 —_—

o =M Mu=Vu=S5+05 D
with initial condition

u(x,y,0)=f(xy), 0<xy<l, ()
and mixed Neumann—Dirichlet conditions

au(;fj.cy.t) lx=0 = go 1), 0<y<10<t<l, 3)

D) = gi(nt), 0SysL0<tsl @)

u(x,1,t) = hy(x,t), 0<x<10<t<1, ®))

u(x,0,t) = ho(x, t)u(t), 0<x<10<t<1, (6)
and non-local condition

fol fol u(x,y, t)dxdy =m(t), 0<t<l, (7

where f, go. g1, ho, h1 and m are known functions, while the functions u and y must be determined.

The rest of the paper is organized as follows: In the second section, the RBFs approximation for solving
PDEs by using the collocation method has been presented. In the third section, we obtain a time-discrete scheme
using Euler finite difference and Crank—Nicolson techniques. In the fourth section, the non—local boundary value
problem has been implemented by RBFs. We give two computational results of numerical experiments with the
RBF method, to support theoretical discussion in the fifth section. Finally, a conclusion is given in the last
section.

2. RBFs approximation
2.1 Definition of radial basis functions

RBFs depend on the Euclidean distance r =|| x — x* || between the fixed point Xx*, and a generic point X.
These functions may be generically represented in the form ¢ (7). In Table 1 some globally supported RBFs are
listed which are commonly employed in the literature. The positive constant ¢ in RBFs named shape parameter.

Table 1: Some well-known RBFs, ¢ > 0 [16, 21-28].

Name of function Abbreviation Formula
Multiquadric MQ o) = m
Inverse multiquadric IMQ o(r) = 1
i 1
Inverse quadric 1Q o) = o
Gaussian GA o(r) = exp(—cr?)

2.2 RBF approximation based on Kansa’s method
The d-dimesional function u(x), u: R - R, to be interpolated and approximated by an RBF as

u(x) = uy(x) = LiL; 4:¢;(r) = @T(MA, ®)
where
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¢i(r) = ol x —x; 1),

PT(1) = [$1(r), 2(1), .., By (M),

A = [A4, Az, e, AN]T, ©))
x is the input and {4;}_, are the set of coefficients to be determined. Choosing N collocation nodes {x;}),
gives the approximation function of u(x) after solving the following system

u(®) = uy(x)) = XiLy L),  j=12,..,N.

We now discuss Kansa’s collocation method. Assume we are given a domain Q ¢ R%, and a partial differential
equation operator of the form

Llulx)=fkx), x€qQ, (10)
with boundary conditions

Blulx) =g(x), x€0Q. (11)
Then we approximate u by radial basis functions as

u() = XLy Lip(l x—x 1) (12)

The simplest possible setting is shown in Eq. (12). The collocation matrix is constructed by matching the
differential equation (10) and the boundary conditions (11) at the collocation nodes {X; }?’=1 of the form

L[®
A=[stall (13)
where the blocks generated as follow
L[®]; = L[] x; —x; 1), x; €Q°,x; €Q, (14)
B[®];; = B[p](l x; —x; 1), x; €0Q,x; €Q, (15)

where ()° is interior of (). Here we identify the collocation points same as center points. Consequently, the
system AA = c gives the RBF solution of PDE, while c is defined as the form

c-[]

where f = [f(X;)],X; € Q° and g = [g(X;)] ,X; € 0Q. We note that a change in boundary conditions (11) is as
simple as changing rows in matrix 4 in (13) as well as on the right-hand side ¢ in (16).

3. Time discrete scheme

For discretization of the time variable, we need some preliminary. Let us consider
tk = kT, k= 0,1, ""Ntl

T . . . .
where T = N 18 the step size of the time variable.
t

3.1 The backward Euler method
In this section, we discrete the time variable using the backward Euler relation for the first—order derivative
on the time variable. Consider Eq. (1) at time ¢,,, then we have

n+i_,n
Wt et (17)
where
2wy | 9P (xy) - _
Au/ = T P W (x,y) = u(x, y, t)).
Simplifying Eq. (17) gives the following second—order PDE
u™l — AUt =y, (18)

with the conditions (3)—(7) and the initial condition u® = f(x, y).
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3.2 Crank—Nicolson technique
In this section, we use the Crank-Nicolson technique [20]. Consider Eq. (1) at time t,,4/,, then the central
finite difference formula gives

n+i_,n 1 1
P sy = A = (A o+ ), (19)
Simplifying Eq. (19) gives the following PDE
Uttt — AU = S Aum U (20)

with the conditions (3)—(7) and u® = f(x, y).

4. Implementation of the procedure
The non-local boundary value problem is implemented by RBFs in this section. In order to obtain the
unknown function u(x, y, t), we approximate two—dimensional u"(x, y) by RBFs as

u™ = Yoy Ad (), 1)

Au™ = Yy AgAe (i), (22)

where 13, = J(x —x)?+ (y —yp)%x = i/my,y; = j/m,y and
Ap(r) = ¢/ () + ¢ ().

Also according to the domain of the problem, we choose the uniform grid as collocation points [16]. Now
applying Kansa’s method gives the system of equations as follows

L 0
i

B E(T)l+1
where the dimension of the coefficient matrix is N + 1 X N + 1. Also, B, iig“ and g are the same for Euler and
Crank—Nicolson techniques and defined by

An+1
n+1

0¢(0,y;)
ox +1
09(1y)) [93 O]
o)
B = 0x En“:[ +1 ]g n+1 | j=0,..myi=1,..,m,—1.
$Cxi 1) —hg* ()] 8 T AT () e My = e Ty
1,1 n+1
[ [ #yaxay |
0 Jo
¢ (x;, 0)
And also in Euler method, we have
L= —1Ad, f=um
and in Crank—Nicolson technique, one has
L=®—-Ad, f="Aut+u.

By solving the system of equations (23), the unknown A;, and u(t) will be obtained at any time step as well.

S. Numerical Results

In this section, in order to support our theoretical discussion, the proposed method is employed to obtain the
solutions of two test problems. Accordingly, the following root mean square (RMS) error are applied to make a
comparison
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B @) -un )2
RMS =

M )
where T is the final time and M is the number of test points X; € (0,1)2. In this paper, we have utilized 121

uniform nodes as test points.

Example 1 Consider Egs. (1)—(7) with
f(x,y) =1+ y)exp(—x),
g1, t) = —(1 +y)exp(t — 1), hi(x,t) = 2exp(t —x),

ho(x) = exp(—x),

Jo(y, t) = —(1 + y)exp(t),

3
m(t) = Zexp(t) (1 — exp(~1)).
The exact solution of this problem is u(x,y,t) = (1 + y)exp(t — x) and u = exp(t). Tables 1-1 show the

RMS errors of the presented method at time T = 0.2 via four RBFs listed in Table 1.

Table 2: The RMS error for Example 1 using Backward Euler method with ¢ = 0.5 and T = 0.2

N GA MQ
u u u u
25 7.143514e — 4 | 1.547301e — 3 | 8.245392e — 4 | 2.008794e — 3
36 5.800419e — 4 | 2.592134e — 4 | 6.070198e — 4 | 3.891045e — 4
49 5.722920e — 4 | 2.488811e — 4 | 5.806599e —4 | 3.430788e — 4
64 5.707776e — 4 | 2.238243e — 4 | 5.719409e — 4 | 2.287703e — 4
81 5.706766e — 4 | 2.236760e —4 | 5.708401e — 4 | 2.25179%e — 4
Table 3: The RMS error for Example 1 using Backward Euler method with ¢ = 0.5and T = 0.2
N IMQ IQ
u u u u
25 1.499449e — 3 | 5.269310e — 3 | 2.078105e — 3 | 7.854362e — 3
36 7.344843e — 4 | 8.035454e — 4 | 8.688428e —4 | 1.173190e — 3
49 6.094943e — 4 | 6.407271e — 4 | 6.399969e —4 | 9.039736e — 4
64 5.777300e — 4 | 2.670414e — 4 | 5.835578e —4 | 3.034872e — 4
81 5.729517e — 4 | 2.532407e — 4 | 5.749529e — 4 | 2.795253e — 4
Table 4: The RMS error for Example 1 using Crank—Nicolson method with ¢ = 0.5 and T = 0.2
N GA MQ
u u u u
25 7.136526e — 4 | 1.545805e — 3 | 8.237256e — 4 | 2.007224e — 3
36 5.797977e — 4 | 2.576134e — 4 | 6.067658e —4 | 3.875977e — 4
49 5.720514e — 4 | 2.472979e — 4 | 5.804129e —4 | 3.415761e — 4
64 5.705479e — 4 | 2.222662e —4 | 5.717575e — 4 | 2.273245e — 4
81 5.704466e — 4 | 2.221170e — 4 | 5.706519e — 4 | 2.237368e — 4
Table 5: The RMS error for Example 1 using Crank—Nicolson method with ¢ = 0.5 and T = 0.2
N IMQ IQ
u u u u
25 1.497938e — 3 | 5.267270e — 3 | 2.076169e — 3 | 7.851984e — 3
36 6.391531e — 4 | 8.019499e — 4 | 8.677832e —4 | 1.171528e — 3
49 6.091174e — 4 | 6.391531e —4 | 6.395138e —4 | 9.023498e — 4
64 5.775216e — 4 | 2.655530e — 4 | 5.833293e —4 | 3.019794e — 4
81 5.727393e — 4 | 2.517548e — 4 | 5.747248e — 4 | 2.780210e — 4
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Example 2 Consider Egs. (1)—(7) with

fx,y) = cos(mr)cos(my), go(y,t) =0,

g1(y,t) =0, hy(x,t) = —exp(—2m?t)cos(mx),

ho(x) = cos(mx), m(t) = 0.
The exact solution of this problem is u(x,y,t) = exp(—2m?t)cos(mx)cos(my) and u = exp(—2m?t). Tables
2-2 show the RMS errors of the presented method at time T = 1.

Table 6: The RMS error for Example 2 using Backward Euler method with T = 1

N GA withc = 2.5 MQ withc = 1.5
u u u u
25 2.435434e — 4 | 9.047488e — 4 | 1.237610e — 4 | 5.624211e — 3
36 1.834072e — 4 | 9.016421e — 4 | 8.972573e —4 | 3.509063e — 3
49 1.010841e — 4 | 1.216578e —4 | 2.168052e — 4 | 7.975513e — 4
64 5.092937e — 5 | 1.044367e —4 | 1.569789e — 4 | 6.744631e — 4
81 8.361560e — 6 | 2.310227e — 5 | 2.717235e — 5 | 1.282102e — 4
Table 7: The RMS error for Example 2 using Backward Euler method withc = 2.5and T =1
N IMQ IQ
u u u u
25 8.725659e — 4 | 3.499866e — 3 | 6.401000e —4 | 1.307878e — 3
36 6.142274e — 4 | 2.906402e — 3 | 1.749520e — 4 | 3.891655e — 4
49 6.070773e — 4 | 1.737066e — 3 | 1.322309e — 4 | 3.336629%e — 4
64 1.440856e — 4 | 8.639197e —4 | 3.213281e —5 | 1.061316e — 4
81 1.401112e — 4 | 3.762950e — 4 | 2.337347e —5 | 2.341166e — 5
Table 8: The RMS error for Example 2 using Crank—Nicolson method with T = 1
N GA with ¢ = 2.5 MQ withc = 1.5
u u u u
25 3.015771e —4 | 7.634608e — 4 | 5.500958e —4 | 1.673105e — 3
36 2.820398e — 4 | 4.872980e — 4 | 1.708277e — 4 | 6.385230e — 4
49 1.997431e — 4 | 3.144910e — 4 | 6.889863e —5 | 3.985817e — 4
64 5.952093e — 5 | 2.252592e — 4 | 5.341752e — 5 | 3.393935e — 4
81 2.805438e —5 | 1.628911e — 4 | 3.285364e — 5 | 8.657550e — 5
Table 9: The RMS error for Example 2 using Crank—Nicolson method with ¢ = 2.5and T = 1
N IMQ IQ
u u u u
25 6.721957e — 4 | 2.574244e — 3 | 4.524163e —4 | 9.120709e — 4
36 4.106373e — 4 | 2.294625e — 3 | 3.670923e — 4 | 8.452119e — 4
49 2.639083e —4 | 1.684606e — 3 | 2.862322e — 4 | 5.386827e — 4
64 4.305403e — 5 | 2.140781e — 4 | 1.714935e — 4 | 4.039737e — 4
81 3.330737e —5 | 1.282475e —4 | 1.128615e — 4 | 3.839403e — 4

6. Conclusion

This paper develops a numerical method for solving the time—depended diffusion equation with non—local
and mixed Neumann-Dirichlet boundary conditions. For this sake, two well-known finite difference schemes,
the backward Euler and Crank—Nicolson, has been applied for the time—discretization. The spatial derivatives
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and non-local and mixed boundary conditions have been thoroughly satisfied via RBFs. The numerical results
demonstrate the efficiency and reliability of the proposed method.
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